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ABSTRACT. Using Perov’s fixed point theorem, the authors establish
the existence and uniqueness of solutions to the coupled system of im-
plicit fractional differential equations

Dx(t) = fr(t, z(t),y(t), Dx(t)), te€J,

Dy(t) = folt, x(t), y(t), “Dy(t), teJ,

2(0) = Lifz], #/(0) = Lafa],

y(0) = La[y], '(0) = Laly],
where a, 8 € [1,2), J = [0, 1], °D* and °D” are Caputo fractional deriva-
tives, fi : [0,1] x R®* — R are continuous functions for i = 1,2, and the
functionals Lj, j = 1,2, 3,4, are Stieltjes integrals. A second existence
result is obtained by using a vector version of a fixed point theorem for
a sum of two operators due to Krasnosel’skii. There is also a study of

the structure of the set of solutions to the problem. Examples illustrate
the results.

1. INTRODUCTION

The motivation for this research derives from two main sources. The
primary one is a very nice paper by Bolojan and Precup [6], who studied
the first order nonlocal implicit system

a'(t) = g1(t, z(t), y(t)) + ha(t,2(t), y'(t), te€[0,1],
y'(t) = ga(t, z(t), y(t) + ha(t, 2/ (1), (1)), t€[0,1],
2(0) = afz],

y(0) = Blyl;

where g;, h; : [0,1] x R?2 — R are continuous functions for i = 1,2, and a,
B : C0,1] — R are continuous linear functionals with a[1] # 1 and 8[1] # 1.
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Additional motivation for the present paper comes from a forthcoming paper
by Oumansour, Kadari, Graef, and Ouahab, who considered the problem

D(t) = g1(t, 2(t),y(t)) + l(t,Dz(t)), teJ,
Dy(t) = galt, (1), y(t)) + ha(t,DPy(t)), teJ,
z(0) = Li[x],
y(0) = La[yl,

where a, § € [0,1), J = [0, 1], D% and °D? are Caputo fractional derivatives
of order « and f3, respectively, g; : [0, 1] x RXxR — R, and h; : [0,1] xR — R
are continuous functions for ¢ = 1,2, and the functionals L; and Ly are given
by Stieltjes integrals with Lq[1] # 1 and Lo[1] # 1.

The study of fractional differential equations and their applications has
been a hot area of research in the last twenty years due in part to their
applicability to problems in the physical and social sciences as can be found,
for example, in [13,|14}|17]. Implicit systems have also been a popular area
of research as can be attested to by the monograph [1] and the references
contained therein.

Existence of solutions to fractional order differential equations and inclu-
sions is an important area of study that has been considered by a number
of authors using a variety of initial or boundary conditions; see, for exam-
ple, [3H5/12,/16,120] and the references contained therein. Coupled systems
of fractional differential equations with local and nonlocal boundary con-
ditions have been considered in the papers [2}4}20,22}23,25,26]. In [11],
the authors considered systems of fractional differential equations with Ca-
puto fractional derivatives of orders in (0, 1]. They used Perov’s fixed point
theorem in vector Banach spaces to obtain existence of solutions and the
compactness of the solutions sets.

Here, we consider the coupled implicit fractional differential system with
nonlocal boundary conditions

Dx(t) = fu(t,z(t),y(t), D*x(t)), teJ,
DPy(t) = folt, (1), y(t), DPy(t)), teJ,
x(O) = Ll[‘ﬂ? a;’(O) = LQ[‘T]?
y(0) = Lsly], ¥'(0) = Lalyl,

where o, 8 € [1,2), J = [0,1], °D® and °D”, are Caputo fractional deriva-
tives, and f; : [0,1] x R* — R are continuous functions for i = 1,2. The
linear functionals L;, j = 1,2, 3,4, are given by Stieltjes integrals,

(P)

1
Ljlv(t)] :/0 v(s)dAj(s), j=1,...,4,

where A; : [0,1] — R are nondecreasing functions that are right continuous
on [0, 1), left-continuous at ¢ = 1, and satisfy A;(0) = 0; this makes the dA;
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positive Stieltjes measures. In order to insure that certain denominators do
not vanish, we ask that

(1) (1 - LQl[l])(l - Lgifl[t]) - Lgi[t]LQifl[l] 7& 0, for i = 1, 2,

where L;[t] = fol sdA;(s). Notice that this is an improvement over the
condition L;[1] # 1 as is required, for example, in [6].

The Problem (]E[) is called coupled because the unknown functions z(t) and
y(t) appear in both equations in the system, and it is implicit because the
unknown function z(t) appears on both sides of the first equation in the sys-
tem. Having an increased order of the Caputo derivatives and the additional
initial conditions makes the calculations considerably more complicated.

Section 2 below contains some general results and preliminary concepts.
In Section 3, we formulate problem (]E) as a fixed point problem. Section
4 contains our sufficient conditions for the existence and uniqueness of so-
lutions to (]ED by applying Perov’s fixed point theorem. We end the paper
with an example of our main results.

2. PRELIMINARIES

In this section, we give the necessary concepts and notation needed for
understanding what follows. We take the space C(J,R) x C(J,R) and use
the norm

T
(@, 9)lloxe = (Izlle, lyle)

)

where
[vllc = ?urflv(t)l-

)

The norms of the functionals L; are given by

1
/ o(s)dA;(s)
0

Basic properties of Laplace transforms can be found in a variety of places,
so we will use them freely here. The function

F(s) = L(f(t)) = /0 et f(tyde

is the Laplace transform of the function f(¢). We can recover f(t) from the
Laplace transform F'(s) by using the inverse Laplace transform. As is well
known, the Laplace transform of the convolution

£(t) * g(t) = /0 F(t = r)g(r)dr = /0 f(r)g(t — 7)dr

of the functions f and g that are zero for ¢ < 0 is the product of the Laplace
transforms of the two functions, that is,

L(f(t) x g(1))(s) = F(s)G(s),

1] = sup
Jloll=1
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assuming that both F(s) and G(s) exist. This property can be used to
evaluate the Laplace transform of the Riemann-Liouville fractional integral.
Also well known is that the Laplace transform of the n-th derivative of the
function f(t) is given by

n—1 n—1
(2) LU @)(s) = "Fs) =Y 5" "1 fH0) = s"Fs) = Y " F7FD(0).
k=0 k=0

We will need the following definitions of the Riemann-Liouville fractional
integral and the Caputo fractional derivative of a function.

Definition 1 (|15]). The Riemann-Liouville fractional integral Ih of order
€ (e > 0) of the function h is defined by

1

h(t) = F(e)/o (t— ) h(s)ds, t>0,

provided the right-hand side exists, where I' is the Euler Gamma function

t
given by I'(e) = / tle7tdt, e > 0.

0
Definition 2 (|1, Definition 1.6], |15, Definition 2.1]). For a function h €
AC™(J,R), the Caputo fractional-order derivative of order € of h is defined
by

e _ 1 ! s n—e—11(n) s)ds
DE() = g [ (¢ =9 O 5,

where n —1 < e <nand n = [e] + 1.
We will also need some notions from vector metric spaces.

Definition 3 (|9, Definition 7.1|, |21, Definition 2.1]). Let X be a nonempty
set. By a vector-valued metric on X we mean a map d: X x X — R” with
the following properties:
(i) d(u,v) >0 for all u, v € X, and if d(u,v) = 0, then u=v;
(ii) d(u,v) =d(v,u) for all u, v € X;
(iii) d(u,v) < d(u,w) + d(w,v) for all u, v, w € X.

A set X with a vector-valued metric d is called a generalized metric space.
In this space, the notions of Cauchy sequence, convergence, completeness,
and open and closed sets are similar to those in usual metric spaces. Here,
if z, y € R", where x = (x1,22,...,2,) and y = (y1,Y2,---,Yn), by © < y
we mean x; < y; for i = 1,2,...,n. The pair (X, d) is a generalized metric
space with

dl (xa y)
d(z,y) = :
dn(2,y)



J. R. GRAEF, A. OUAHAB 47

Notice that d is a generalized metric on X if and only if d;, 1 =1,2,...,n,
are metrics on X.

Similarly, a vector valued norm on a linear space X is a mapping || - || :
X — R% with [|z]| = 0 only for z = 0, [[Az|| = |A|||z|| for z € X and X € R,
and ||z + y|| < ||z|| + ||y|| for every z, y € X. Associated to a vector valued
norm || - || is a wector valued metric d(z,y) = ||z — y||, and we say that
(X, || -|) is a generalized Banach space if X is complete with respect to d.

Next, we define what is meant by a matrix that is convergent to zero.
Here, M,,x»(R;) denotes the set of all n x n matrices over R .

Definition 4 (|21, Definition 2.4|, |24, Definition 1.9]). A square matrix
with real entries is said to be convergent to zero if and only if its spectral
radius p(M) is strictly less than 1. In other words, all the eigenvalues of M
are in the open unit disc |A\] < 1 for every A € C with det(M — \I) = 0,
where I denotes the identity matrix in M, x,(R4).

The following result gives some characterizations of a matrix that con-
verges to zero.

Theorem 1 (|24]). Let M € My xn(R4); the following assertions are equiv-
alent:

(a) M is convergent to zero;
(b) M*¥ =0 as k — oo;
(¢) The matriz (I — M) is nonsingular and

I—M)y'=T+M+M>+ - 4+ M+...;

(d) The matriz (I — M) is nonsingular and (I — M)~' has nonnegative
elements.

Remark 1. Some simple examples of 2 x 2 matrices that converge to zero
are:

(i)A—(a Z),wherea,b€R+anda+b<l;
(ii)Az(a Z),Wherea,beR+anda+b<1;
(iii)) A= (b :Z),Where a,bce Ry and |a—b| <1,a>1,0>0.

Next, we define what we mean by a contractive operator.

Definition 5 (]9, Section 2.3]). Let (X, d) be a generalized metric space.
An operator N : X — X is contractive associated with a generalized metric
d on X, if there exists a convergent to zero matrix M such that

d(T(z), T(y)) < Md(z,y), foral z,ye X.
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The following theorem is known as Perov’s fixed point theorem.

Theorem 2 ([18], [19]). Let (X, d) be a complete generalized metric space
and T : X — X be a contractive operator with matriz M. Then T has a
unique fized point u, and for each ug € X,

d(T* (up),u) < M*(I — M) Yd(ug, T(ug)), where k € N.
3. FORMULATING THE FIXED POINT PROBLEM

To apply Perov’s theorem, we must first transform into a fixed point
problem. For t € J, it is easy to see that

DBE) = I"*glt) = g [ (=9 als)s = (e a) 0
where g(t) = A" (t) and

1 —e—1
vty = { T >0,
0, t<0.

The Laplace transform of the function ¢"~¢~! is
N(s)=L{t" 1} =T(n—e)s™, forn—e—1>—1.
If n = 2, as it would be for o, § € [1,2), then using the Laplace transform

of the convolution of t*~¢~1 and g(t), we obtain the transform of the Caputo
fractional derivative as

(3) LED ()} = s~ 17IGa(s),
where
(4) Go(s) = s2X (s) — s2'(0) — z(0)
by .
To obtain an equivalent fixed point form for , we set
(5) u(t) =D (t) and wv(t) = D y(t).

Applying the Laplace transform gives
L{u(t)} = L{Dx(t)}
= 5~ 179Gy (s)
(6) = s1T2X (s) — s%2'(0) — stz (0) = U(s).
Similarly,
L{v(t)} = 'Y (s) = 57y (0) — 57y (0) = V(s),

where X (s), U(s), Y(s), and V (s) are the Laplace transforms of x(t), u(t),
y(t), and v(t), respectively.
It follows that

X(s)=s17°U(s) + s~ 12/ (0) + s 2z(0),
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and taking the inverse transform gives

¢
(7) r(t) = (al+ 5 /0 (t — 5)°u(s)ds + 2/(0) + t2(0).
From the condition z(0) = L1[z] in (P)), we see that
+(0) = Ly {F(alﬂ) /0 (t — 5)®u(s)ds + 2/ (0) +m(0)}
= F(al—i- 1)L1 {/0 (t— s)“u(s)ds} + Ly [2/(0)] + Ly [t=(0)]
1 ! a /

(8) = ot 1)L1 {/0 (t—s) u(s)ds} + Ly [1]2"(0) + Ly [t] 2(0),

(1 = L[f]) (0) = F(al—l— b [/0 (t - s)au(s)ds] + L1 [1]2/(0).

©) 20) =5 _zl[t]) (F(a1+ ok [/Ot(t _ s)au(s)ds] b L] x'(0)> .

A similar calculation gives

1 1 !
10) #'(0) = L/t—ad—i—LtO.
10) #0) = =i (g e || €~ 9ruis] + L2 a0)
Remark 2. If in fact, Li[t] = 1, then could be solved for 2/(0) and
the result would be the same as with L;[t] = 1. That is, the solutions
process would still work, but the resulting expression for x(¢) in below
would be somewhat simplified.

Solving the system consisting of @ and (| . we obtain

(1= Lol piry L [Jo (¢ — 5)u(s)ds]

=(0) = (LJMUO—LAD Ly (1)L 7]
) Lq[1] F(a+1 [fot(t —8) (s)ds}
= L) (1 = Lo[1]) = LWLl
and
oy (L= Dl e [t = ) u(s)ds]
PO = AT LN - )~ LA
12) LQ[t]F(%_"_l)Ll [fg(t - s)“u(s)ds}

TS LA - L)) - L]
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Using and in gives

() = F(al—i—l) / (= s)u(s)ds
Rl [yt = s)u(s)ds]
(=Ll = L) - LT
. Lolt] 1) [fo t—s) au(s)ds]
(T L)~ L)~ Al
, 0 Ll Gl [y (= )u(s)ds]
(1= Ly [t])(1 = Lo[1]) — L1[1] La[t]
)

L1 ]F(a+1)L2 UO (t—s)~ sds}
(1= Ly[t])(1 = L2[1]) — Lo [1] Lot]

In a completely analogous way we have:

1 t /
A /0 (t — 5)Pv(s)ds + 3/ (0) + ty(0),

00 = s (g o [ - 9] + i),

VO = (F( S| [ + Lidy0))

_ F(ﬁ—i—l) [f —5)v(s)d }
0 = (1—L3H)( Lal1]) — Lo[1]Zal7]
Loty La [ o (¢ = 5)%v(s)ds

(0= Lol (1 = Lall]) — Lo[Lall]’

(13)

y(t) =

and

/ (1~ Laft]) ey La [ i - s)ﬁv(s)ds}
0= LD~ Lot = Lol
Laft] sy s | Jy (6 = 9)Po(s)ds
(1—L4[ ])(1—L3[t]) Ly[t]Ls]
[

Lylt] b’+1 [fo t — s)Pu(s)ds
(1 — La[1])(1 — L3lt]) — La[t]L3[1]

Thus,
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t
y(#) = r(51+1)/ (t — 5)%0(s)ds

(1~ Lol iy L [ Sy ¢ - ®%<>}
(1 — La[1])(1 — Ls[t]) — Lat] Ls[1]

Lalf] ey Ls [ Jo (¢ = 9)Pu(s)ds]

(1= La[1])(1 — Ls[t]) — La[t]Ls[1]

(1= Lal) pigeay L [ Jo (8 = 5)7u(s)ds]
(L)1 = Eall) - LOILaf

Loty La [ fo (8 = )70(s)ds]

(1~ L[ (1 — La[1)) — Ls[1IZale]

+

+1

(14)

Let

Fy(u,v)(t)
(1 = L1 [t]) rraryy Lalkr (8)] + L[t raray L1 (R (8)]

a+1
:hGJ+“m+ (1 = LaU)(1 — Laf) — L)L [1]
(1 = La[1]) pra gy La k1 (8)] + La [N gy Lok ()]
(1= La[t]) (1 = La[1]) — La[1]Loft] ’
(1 — Laoft]) rgry Lalka ()] + Lalt] rgtyy La[k2(t)]

+1

1
0+ L0 = Laff) — LaWILa]
(15)
_Ha—memgdwﬂ+mmw@¢Mwn)
(1 — L3[t])(1 — La[1]) — L3[1] Lat]
and
Fy(u,v)(t)

(1~ Lalt) pgabery ek (8)) + Lalt) gy L ()

— a+1
= f2 (t,[ lu(t) + (1 — Lo[1])(1 — L1[t]) — Lo[t] L1 [1]

(1~ La[1]) praegy Ll (8)] + L [1] ey Lalka (1)

+t D) ,
(=000~ L)~ LA
(1 = Laft]) pyskers Lalka(®)] + Lat] ke Lolhat)
B+, ﬁ+1) (ﬁ+1)
Do) =0 LA~ Lal)) — ZalLall
(16)
ﬁ_t<1*~L4UJnxﬁ+1yL3Ma<>]+~L3[1 rohr Lalka (1)
(1= Ls[t])(1 — La[l]) — Ls[1]La[t] )
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where

Fa(t) = /O (t— 5)%u(s)ds and k() = /0 (1 — 5)P0(s)ds.

Problem (]E[) is then equivalent to the system
am fuo e
We define the operator
T:C(J,R) x C(J,R) —» C(J,R) x C(J,R)
by
(18) T(u,v) = (T1(u,v), Ta(u,v)), (u,v)e C(J,R)x C(J,R),
where

Ti(u,v) = Fi(u,v),
(19) {TQ(U, U) = FQ(U,’U)-

System can then be regarded as a fixed point problem for 7.

4. EXISTENCE AND UNIQUENESS OF SOLUTIONS

We are now able to present our main existence and uniqueness result. In
so doing, we need to make the following assumptions about our problem.

(C) fi : [0,1]] x RxR xR — R for i € {1,2} are jointly continuous
functions and there exist nonnegative numbers a;, b;, and ¢;, for
i € {1,2} such that for all u, v, w, 4, v, w € R and t € [0, 1],

’fl(tv U,U,UI) - fl(t7a>ﬂ?u_)))| < a1|u - ﬂ‘ + bl”U - l_)| + Cl|w - w’a
’fQ(tv U,U,UI) - fQ(t,?TL,ﬂ,ﬂ_))” < a2|u - ﬂ‘ + bQ”U - l_)| + 62|w - w’
Next, we define the constants

1
Li:Li[t]:/ sdA;(s), i=1,...,4.
0

Notice that with this notation, becomes

(20) (1 — Lgl[l])(l - Egifl) - I/QiLZZ'f]_I:]_:I 75 O, for i = 1, 2.
We also define the quantities
1 Ll) L 1
a1 a+1) L2l
My=(=———=+c > +
! <F(a+2) 1) (= L)1 - Ly) — LLi[1]
ks La|d sl

a+1 a+1
OB - I~ Tl T (=0 - Ll - L
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alilll) L, 1
a+1

(1= Ly)(1 — La[1]) — Ly[1]Ly°

b1 1 L
My 5+f ILall

D(B+2)  (1— La[1])(1 — L3) — LaL3[1]

ok || sl il g4
r+n1=3lp (B+1) B
+ — —

(1 — La[1])(1 — Lg) — LaL3[1] = (1 — L3)(1 — La[1]) — L3[1]Ly

P I Lall

AT L) - L

az Hezr L2
Mg=|5——% +c2 |+
’ <ma+m 2) (1= Lo[1)(1 = L1) = L La[1
s Il it Il

I'(a+1) I'(a+1)
M TE A Aye Ay T R (e Ay T A B A

L1
2l 1,11

AT L) L

and
bo(1-L
My = b + 2F(ﬁ+1§)”L4HB
L(B+2)  (1— Ly1])(1 — L3) — Ly L3[1]
ks La 4 e sls
(1 — La[1])(1 = Lg) — LaL3[1] = (1 — L3)(1 — La[1]) — La[1]L4
2Ll 1|4
I'(8+1) B

(1= Ls)(1 — La[1]) = La[1] Ly
Theorem 3. Assume that condition (C) holds. If the matriz

(21) M = <%; %f)

converges to 0, then the problem has a unique solution.
Proof. Let (u,v), (u,v) € C(J,R) x C(J,R). Then, we have
1 (u, v)(t) = Th(@, 0)(8)] < [Fi(u, v)(t) — F1(a,0)(t)]

ay

sma+wfu—@ﬂM@—mmw

(1 = L1) prayay (L2 ki (8)] — La[ks (t D+ Loparry (Lalki(8)] = Li [k (1))
(1= Lo[1])(1 = L1) — LaLa [1]

+ a1
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(1 = La[1]) oy (Lalka (0] = Laka (9)]) + L[ pay (Lalka ()] — Lafka (1)
(1= L1)(1 = L2[1]) — L1[1]Ls
b1

t — 5)%u(s) — v(s)|ds
e [ =) — ()

(1 = Lo) pgyyy (Lalka ()] = Lalk2(t)]) + Largry (Lalka(8)] — Lalka(t)])
(1= La[1])(1 — Ls) — I_/4L3[ ]

(1 — La[1]) rgtyry (Lslka (6)] — Ls[ka(6)]) + Ls[1) rgpry (Lalka (1)) — Lalka(2)])
(1= L3)(1 = La[1]) — Ls[1] L4

+ a1

_l’_

+ b1

+ b
+ c1|u — af
- artott ] + af((}yfl;) Lofka(t) — k1(t)]
STlat+2) " " AT LN = L) - LaLi[]
FLas L (£) — B (1) ar 2L [k (8) — o ()]
(1= Lo[1])(1 = Ly) — LoLa[1] (1 — Ly)(1 — L2[1]) — Ly1[1] Lo
S Lol (1) — R (1)
(1= L1)(1 — La[1]) — Ly[1] Lo
bytfHL — POE) Lyl (1) — Fa(t)
r'B+2) (1 — L4[1])(1 — L3) — LyL3[1]
P L lka(t) — Fa(1)] b1 G L (1) — (1)
(1 — La[1])(1 — Lg) — LaL3[1] = (1 — L3)(1 — La[1]) — L3[1] L4
2L (Lalka(t) — Ra(t)]
(1 — L3)(1 — Ly[1]) — L3[1]Ly4

+ cl||u — ﬂ”

_l’_

+

Now in view of the facts that
(22) | Lilki — kalll < |Lallllks — kall, i =1,2,3,4,
and
Vo — Bl < Su—al| and |k — ol < = v — ]
1 1l > o u u an 2 2| S ﬁ v v,
we see that

1T (u, 0)(t) — Tu(u, 0)(¢)]

a1(1 L1 1 _
a _ r(a+1) HL2”5||U—UH
<|=——+c u — ul| + — _
(g o) = e L~ L

L 1—Ls[1])
b Ly 4w - @l e | - al

(1= Lo[1])(1 = L1) = LaLy[1] (1 = L1)(1 — La[1]) — La[1] L2
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Heliell—al -
(1= L) — Lo[1]) — Li1]L, | T(5+2)

AL | Ly o — o | s S o — 9]
(1= La[1])(1 = L3) — LaLs[1] * (1 — La[1])(1 — L3) — LaL]1]
bRl | L) 4 v — BLalll) 1)1 4o — o)
(1—L3)(1 — Ly[1]) — L3[1]Ly (1 — L3)(1 — La[1]) — L[1]L4

@ al((11+11/1 ”L2|| 1

= (F(a oy " Cl) T UL =L1) = LaLi[1]

N rda || Ly 2 ol Ly L — a
(1= Lo[)(1 = L1) = LoLa[1] (1= L0)(1 = Lo[1]) = Li[1]Ls
. lalll) 1)L -

(- L)~ Lo[l)) — L)L [ "
+ by + bl(lﬂ+L12 HL4HB
L(B+2) (1 — L4[1])(1 — L3) — L4 L3[1]

by b1(1—L4[1])
sk || sl 5 e L2 1

T o h) - Lol 0= Tl = L) - LT

by Ls[1]

riginl Ll o3
_ - v—10
(1= L3)(1 — La[1]) — Ls[1] L4
We now see that we can write this as
|71 (u,v) — Th(,v)||c < Millu—alc+ Mallv —vc.

Similar to what we did above, we can obtain

HTQ(U’ U) - Tg(ﬂ, 'E)HC

2(1—L1) 1
| Lol 5
e flor
- {<r(a+2) i 2> T L)1~ L) - Ll

1—Ls[1])
el Ll

A AR AR e AT T AT

_l’_

2flllr,) 1
a+1

+@L00Lﬂbzﬂuh}““0
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ba(1—L
N by ?(Tﬂzﬁ)ﬂh\lg
I'(B+2)  (1-La[1])(1 — Ls) — LaLs[1]
boL ba(1—L4[1
e ILsls R sl B
— L4 — L3) — LqLlu3 — L3 — L4 — L3 4
(1 — Ly[1])(1 — Ls) — LyLs[1] (1= L3)(1 — La[1]) — Ls[1]L
B Lall 3
G+ | Lall

+ lv—2c.

(1= L3)(1 = Ly[1]) — Ls[1] L4

This can be written as

T3 (u, v) = Ta(w, v) o < Msllu— all + Malv — ],

We then have
T (u,v) — Ty (u, v uU—u
171 (u,v) — T (4, )Ilc] gsm[” |C]’
| T2 (u,v) — To(u, v)||c v — e

My M
M= )
My My
This can be written in the equivalent form as

IT(U) = T(U)llexe < MU = Ullexe

for U = (u,v) and U = (@, v). Since the matrix O converges to 0, by Perov’s
theorem, system (P]) has a unique solution (u,v) € C(J,R) x C(J,R). O

where

To illustrate how this theorem can be applied, we consider the simple
example of a coupled implicit fractional problem

@%U—%fmt‘ﬂhu+ﬁﬁﬁﬂm,temm

g0 2(1) + ,
2y(t) = 25w (t) + BT y(t) + HD2y()),
mm:%xm>o
y(0) =0, (0)=1

Here we have a = 3 = 3, Li[z] = La[y] = &, Lo[z] = Ls[y] = 0. This
problem can be regarded as being in the form of (]ED with

W0V 45T
filt,u,v,w) = 510 u + 610 —i—TO
157 A5VT
t — —
Falts w0, w) = —mu+ s +5

Hence, condition (C) is satisfied with

90+/7 by 45T . _i 45T b, 45f 1
640 * 1T 640 TP T 100 T 620 0 2T a0 2T 5

al =
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Since I'(3) = /7, we see that I'(3) = @, I(
Consequently, we see that 9t becomes

3 1

10 10
M = I

10 10

Since % + {5 = .4 < 1, in view of Remark (i), we see that the matrix I
converges to 0. By Theorem [3] this problem has a unique solution.

[\l[éy

5. ANOTHER EXISTENCE RESULT

In this section we obtain another existence result by applying a fixed
point theorem for a sum of two operators due to Krasnosel’skii, which we
next state.

Theorem 4 (|6], Krasnosel’skii’s fixed point theorem). Let (X, || - ||) be a
generalized Banach space, D be a nonempty, closed, bounded, and convex
subset of X, and T : D — X satisfy

(i) T =G+ H with G : D — X completely continuous and H : D — X
a generalized contraction, i.e., there exists a matriz M € My xn(R™)
with p(M) < 1, such that

|H(x) = H(y)|| < M|z —yll, for all z,y € D;
(ii) G(z)+ H(y) € D for all x, y € D.
Then T has at least one fixed point in D.

To obtain our result, we ask that the following condition holds.
(C1) fi : [0,]] x Rx R xR — R for i € {1,2} are jointly continuous
functions and there exist nonnegative numbers d;, e;, m;, and ¥¢; for
i € {1,2} such that for all u, v, w, 4, v, w € R and t € [0, 1],
|f1(t,u,v,w)| < di|u| + er]v| + my|w| 4+ £,
and
| fo(t, u, v, w)| < dalul + e2]v] + ma|w| + L.
For convenience in what follows, we define the quantities
J 1 ’1—E1|muL2H+”LQHm”LlH
1 — —
I'(a+2) [(1 = Lo[1)(1 — L1) — Lo Ly 1]
11— Lot] by 120l + 1Ll s 22
[(1 = L1)(1 — La[1]) — L1[1] L] ’

N, =

No o (1 I Ealrghn Il + 12 preken sl
[(G+2) (1= Laf1])(1 = Ls) — LaLa[1]
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11— L4[H|WHL3H + ||L3||m\|L4||
|(1 = L3)(1 — L4[1]) — L3[1]L4| ’

L= Dl el + 2l e 14
N3 = dy + = =
I'(a+2) |(1 = La[1])(1 = L1) — Lo L [1]|

11— LQ[WmHLlH + HLlHﬁﬂHMH
|(1 = L1)(1 = Lo[1]) — L1[1]Lo| ’

5+2) (1= La[1])(1 = Ls) — LaLa[1]
H—Ldmméﬂﬂwﬂ+wLﬂm¢HﬂwM>

1 11— Lol gregrmy | Lall + | Lall grogmy 1 L]
Ny = ez I

|(1 = L3)(1 — La[1]) — L3[1]Ly|

We also define the matrices

N1 No ~ m; 0 . /0
N = , N= , N= .
N3 N4 0 me9 0 EQ

Here is our main result in this section.

Theorem 5. Assume that condition (C1) holds. If the spectral radius of the

matriz N + N + N is less than one, then the problem (]ED has at least one
solution.

Proof. In order to apply Krasnosel’skii’s fixed point theorem, Theorem [4]
above, we need to define the operator T'=G + H : D — X as follows:

— G1(u,v) an u,v) = ()
Gt = |giry] 0 a0 = 0]
where
(23) Gi(u,v) = fi(t,u,v,-), Ga(u,v) = folt,u,v,-),

Hl(u):fl("'a'vu)v HQ(U) :f2('7'a'av)'
We will first show that solutions exist, which we will do in a series of
steps.

Step 1: H(u,v) = [Hl (u)] is a generalized contraction mapping. Let (u,v),
(u,v) € C(J,R) x C(J,R); by (C1), we have
[ (w)(6) = Fy@)(0)] = 11 ul) — fi( e, 50)] < mafut) — a(@)],
|Ha(v) — Ha(0)| = | f2(s -+, 0(2)) = fa (e, -, - 0(0))| < malu(t) — o(t)].
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Taking the supremum, this implies

(24) | H1(u,v) — Hi(@,0)|c < mallu—1llc
and
(25) | Ha(u,v) — Ha(v,9)|[c < mallv —9|c.

If we view this as a vector norm, we see that
(26) IH(U) — H(O)lloxe <NNU = Tlloxe

for U = (u,v) and U = U = (4,v). Since p(M+N+MN) < 1 and N <
N+ N+ N, we have p(M) < 1. Hence, H is a generalized contraction as is
needed in Theorem [4(i)

Step 2: G = G(u,v) = [g;gzz Z; is continuous. Let (un,vy) be a sequence
such that (un,v,) — (u,v) in C(J,R) x C(J,R); then for each ¢ € [0, 1],

|G (un, vn) (t) — Gi(u,v)(t)]
< |fi(t, upn,vn, ) — fi(t,u,v, )|
(1 = L) oy Lalkin (0] + Lo gy Li [k n (2)]
(1= L2[1])(1 = L1) — Lo Ly [1]
(1 = La[1]) praay L (k1o (8)] + La (1) ey Lo [k (1))
(1 —L1)(1 — La[1]) — Ly[1] Ly ’
(1 = L) gy Lalken (8)] + Lapggrry Ls[ka,n (8)]
(1 — La[1])(1 = L3) — LaL3[1]
(1 — La[1) ey Lalko.n ()] + La[U gty Lalkon (8)]
(1—L3)(1 — La[1]) — L3[1] Ly
(1-— L1)mL2 (k10 1(2)] + E2ﬁlxl[kl,n<t)]
(1 — Lo[1])(1 = L1) — Lo Ly [1]
(1 = La[1]) paay La k1o (8)] + Li [ oy Lo lkn (1))
(1= L1)(1 — Le[1]) — L1[1] Ly ’
(1 - EQ)F(@+1)L4[k2 n( )] + E4%L3[k72,n(t)]
(1= La[1])(1 — L) — LaLs|1]
(1 — La[1]) rgray Lalk2,n(8)] + Ls[U gy Lalkan (1))
(1 — Ls)(1 — Ly[1]) — L3[1] Ly ’

< Ia+1un (t) +

+1

P, (t) +

+1

. IaJrlu(t) _

-1

_ [/34‘1@(75) _

-t

where

Fun(t) = /O (t — 8)u(s)ds, kan(t) = /0 (t — $)Pv(s)ds
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and

i) = (0] < [ (= 5)7n(5) = u(s)ds < S, =l

Similarly, we have

B
ko n(t) — ka(t)] < ’;an .

Hence,
kipn — ki, asn — o0, 1=1,2,
and so
(27) |G1(un,vn) — Gi(u,v)|| — 0, asn — oo,

i.e., G1 is continuous.
A similar argument shows that G5 is continuous, and so G is continuous.

Step 3: G maps bounded sets in D into bounded sets in D. It suffices to
show that for any R = (Ry, R2) € R%, there exists a constant [ > 0 such
that, for each (u,v) € D with ||(u,v)| < R, we have

|G (u,v)lexe < 1= (I1,12)T.

From condition (C4), we have

w.v a+1u
|G1(u,v)(t)| <dy|T (t) + (1 — Lo[1])(1 — Ly) — LoL[1]

(1 = La[1]) piaay La (k1 (8] + La [N gy Lo [k ()]
(1= L1)(1 = L2[1]) = La[1] L2

(1 = Lo) rgpry Lalke (8)] + Lapgy Lalka ()]
]
)

(1= L) rapy Lelbr ()] + Lorgarpy L [kl(t)]‘

+di

+ep TP o(t) +

(1= L4[1])(1 = L3) — LaL3[1

Yo (1 _L4[ ]) (5+1)L [kQ( )] +L3[ ]r(5+1)L4[k7 ( ] s
(1 — L3)(1 — L4[1]) — L3[1] L4
Since
t 1 1
(O] = | [ (¢~ )" us)ds| < 2 ul.
0 «
we have
1
(28) k1] < ERl and similarly |[|kz|| < BRQ
Hence, in view of and ,
L = Dalarde Il + sl e

1G1(u, )]l < du (F(a T2) T (= Lafi)(1 = Ln) — LaLa[1]]
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|1—L2[1]|m|!131||+||L1HW_+1)||L2H 1
(1 — L1)(1 — Lo[1]) — L1 [1]Lo]

N ( 1 |1—E2|m“L4H+||L4HW+1)||L3|||
e

T(F+2) "~ (- L)1 — Ls) — LaLs[1)]

11— L4H”WHL3H + ||L3HWHL4||
|(1 = L3)(1 — L4[1]) — L3[1]L4]

In a completely analogous, way we can obtain

(29)

>R2—|—€1 = .

1 11— Ly | | Lall + | Lell srag 1L ||
||G2(u, U)HC < dy 4 al'(a+1) _ < T'(a+1)
F(a+2) ‘(1—Lg[l])(l—Ll)—Lng[l]‘

11— Lot et IEall + L | srr 122l
(1= L1)(1 — Lo[1]) — Ly [1]Lo| '

N L 11— Lol gregry | Lall + | Lall grggy 1 L]
e — —
(B +2) (1 — Ly[1])(1 — L3) — LaL3[1]]
(30) 11— L4D]|WHL3H + ||L3||W_+1)HL4|| Byt by
|(1 = L3)(1 — Lg[1]) — L3[1] L4|
Thus,

|G (u,v)llc < (h,l2),
which is what we needed to show.

Step 4: G maps bounded sets into equicontinuous sets in C(J,R) x C(J,R)
Let D C C(J,R) be bounded, r1, 2 € [0,1] with 71 < 7o, and (u,v) € D.
Then,
|G1(u, v)(r2) = Gi(u, v)(r1)| = [f1(r2,u, 0, ) = fi(r1,u,0, )]
(1 — L1) oy Lalki (r2)] + Lopg gy L [k (r2)]
(1= Lo[1])(1 = L) — Lo Ly [1]
(1 = La[1)) rraryy Lk (r2)] + L[ g gy L2k (r2)]
(1= L1)(1 = La[1]) = L1 [1] Lo ’
(1 — La) gy Lalka(r2)] + Lapggyry Lalka(r2)]
(1 — La[1])(1 = L3) — L4 Ls|[1]
(1 — La[1]) rgry Lalka(r2)] + Ls[1] gy Lalka(r2)]
(1= Ls)(1 = La[1]) — Ls[1] L
(1 L1)F(a+1)L2[/€1(T1)] + Lo F(a+1)L 1[k1(r1)]
(1= La[1])(1 = L1) — Lo L1 [1]

< Ia+1u(7’2) +
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(1 = Lo (1)) oy Lalka ()] + L[ g gy Le R ()]
(1= L1)(1 = La1]) — La[1] Lo ’
(1 = Lo) rgary Lalke(ry)] + Lagggyyy Lalka(r1)]
(1= La[1])(1 = L3) — LaLs[1]
(1 — La[1]) gy Lalka (r)] + Ls [ gy Lalka(r)]
(1= L3)(1 = La[1]) — Ls[1] L4

— [/3-1-1@(741) —

-7

We observe that

1 1
[T u(ra) — 1% ()] < T(04+1)/o |(r2 = 8)* = (r1 — 5)%[|u(s)|ds
G
- _ g d
+ Mo+ 1) /7‘1 (ro — s)*|u(s)|ds
Ry atl  a+tl a+1
<1 - — ,
~all(a+1) [T2 (- ]

Similarly,

R
|I5+1v(r2) — Iﬁﬂv(n) 2 [7’5“ — 7’?“ + (rg — 7"1)/3“] .

<2
S EGE D
Hence, we can easily conclude that
|G1(u,v)(r2) — Gi(u,v)(r1)| = 0 as ro — 7y,

and a similar statement is true for Gs.
Steps 2—4 above show that the operator G is completely continuous.

Step 5: There is a closed, bounded, convex set D C C(J,R) x C(J,R) such
that G(D) + H(D) C D.
The inequalities (29) and imply that

G1(u,v U 14
1G1( )||c] <% [H HC] N [ 1] |
1G2(u, v)llc [vlle lo
N1 Ny
N = .
N3 Ny
Equivalently, we have

(31) G (u,v) | oxe < N (u,v)||oxe + 9.
It follows from that

(32) [ H(u,0)|exe < N(u,v)lloxe + P for (u,v) € C(J,R) x C(J,R),

where

where
P =1H(0,0)[lcxc-
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We need to find R = (Ry, R2) € R2 such that
|G (u,v) + H(u,v)[lexc < R

for (u,v) € C(J,R) x C(J,R) with ||(u,v)|lcxc < R. To do this, in view of
and , it suffices to show that

(MR+P+N+N<R.
Or equivalently,
(33) P+N+N<(I-NMR.

Since p(M) < 1, we know that I—9N is invertible, and its inverse (I — 1) !
is a nonnegative matrix (see Theorem [I| above). Thus, is equivalent to

(I-=)"(P+N+N) <R,

SO
G(D)+ H(D) C D.
Therefore, by Theorem , problem has at least one solution. O

6. STRUCTURE OF THE SOLUTION SET

In this section we wish to examine the structure of the set of solutions to
problem (]E[), i.e., the set

S(zo,y0) = {(u,v) € C(J,R) x C(J,R) : (u,v) is a solution of (P)}.
In order to do this, we will need the following concepts and results.

Theorem 6 ([7]). Let E be a normed space, X be a metric space, and let
f X — E be a continuous map. Then for every e > 0, there is a locally
Lipschitz function f.: X — E such that

If(z) — fe(z)|| < € for all x € X.

We denote by P, (X) the set of all subsets of X that are convex and
closed.

Definition 6 (|10, Section 9.1]). The set A is contractible if there exists a
continuous homotopy H : A x [0,1] — A and zy € A such that
(a) H(z,0) =z for every z € A,
(b) H(z,1) = xg for every z € A.
This says that A is contractible provided the identity map is homotopic
to a constant map (A is homotopically equivalent to a point).

Remark 3. If A € P, (X), then A is contractible, but the class of con-
tractible sets is much larger than the class of closed convex sets.

The following concept of an Rg-set will be used in Section 4, where we
discuss the topological structure of the solution set to our problem.
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Definition 7 (|10, defiition 9.5]). A compact nonempty set X is called
an Rg-set if there exists a decreasing sequence of compact nonempty con-
tractible sets {X,}7° ; such that

o
X = ﬂ X,
n=1

The next result gives a useful criteria for identifying an Rs-set.

Theorem 7 (|7]). Let (X,d) be a metric space, (E,||-||) be a Banach space
and F : X — E be a proper map, i.e., F' is continuous and for every compact
set K C B, the set F~1(K) is compact. Assume that for each € > 0, a proper
map F.: X — E is given, and the following two conditions are satisfied:

(a) [|[Fe(x) — F(x)| < € for every x € X;
(b) for every € > 0 and u € E in a neighborhood of the origin such that
llu|| < e, the equation F.(x) = u has exactly one solution z..

Then the set S = F~1(0) is an Rs-set.

Our next lemma gives a criteria for determining if a function is a proper
map.

Lemma 1 ([8]). Let E be a Banach space, C C E be a nonempty, closed,
and bounded subset of E, and F' : C' — E be a completely continuous map.
Then G = Id — F is a proper map.

Our first result in this direction shows the compactness of the solution
set.

Theorem 8. Under the hypotheses of Theorem[5, the set
S(z0,y0) = {(u,v) € C(J,R) x C(J,R) : (u,v) is solution of (P)}
18 compact.
Proof. Let {(un,vn)}n>1 be a sequence in S(zg,yo). Then for n € N,
(Un, vpn) = G(Un, vy) + H(un, vy),

or

(Un, ) — H(tp,vyn) = G(tn, vy).
From Steps 2—4 in the proof of Theorem 3], we see that G is a completely con-
tinuous operator, and since (I —H )~ is continuous, the operator (I—H)~'G
is compact. Since {(un,vn)}n>1 C (I — H)"'G(D), there is a subsequence
{(un,,,vn,)} of {(un,v,)} that converges to say (u,v). Hence,

(I — H) 'Glun,,vp,) — (I — H) 7 'G(u,v), ask — oo
by the continuity of (I — H)~!G. Therefore,
(I — H)™'G(u,v) = (u,v),
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or
(U, U) - H(“a U) = G(ua U)'

That is, there exists a subsequence of {(up,v,)}n>1 converging to (u,v) €

S(zo,y0), and so S(xo,y0) is a compact set. This proves the theorem. [

Next, we show that the set S(zg,yo) is in fact an Ry set.

Theorem 9. Under the hypotheses of Theorem@ the set S(xo,yo) is an Ry
set.

Proof. Let
T:C(J,R) x C(J,R) —» C(J,R) x C(J,R)

be defined as in and and using , , and .

Then FizT = S(xo,y0), and by Step 5 in the proof of Theorem [5, it is
clear that there exists R = (R, Rz) € R% such that

|(u,v)||cxc < R, for all (u,v) € S(xo,yo).
Therefore, there exists M* = (M7, M) > 0 such that
1@, y)llc = (lzlle, llylle) < M*.
For ¢ = 1,2, we define
filt,u(t), v(t), ), if [[(u, v)lloxe < (Mf, M),
Mfu Miv . * *
i (6 5, S0 ) it (s 0)lloxe = (M7, M),

Filt,u(t), v(t), w(t)) = {

and

f By, W = u .
1( fl I 77& u ) if H(U,U)HCXC > (R17R2).

f( R aw(t))v if ||(u7v)||C><C < (RlvRQ)a
oo o B () lowe > (R, Ra).
with u(t) = D*z(t) and v( ) = DPy(t).

Since (f1, f2) are continuous functions, (fy, f2) are also continuous.
Now consider the problem

~ {fl ((7 ’ ( )) if H(uvv)HCXC < (R17R2)7

Du(t) = fi(t,z(t),y(t), Dx()), teJ,
(34) DPy(t) = falt,x(t),y(t),DPy(t)), teJ,
z(0) = L1[z], 2'(0) = Lolz],
y(0) = Ls[yl, y'(0) = Laly],
and set

S(zo,y0) = {(u,v) € C(J,R) x C(J,R) : (u,v) is solution of B4}
Let

Gl(uv U)(t) = fl(tv u,v, )
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and

GQ(U’U)(t) = f2(t7uvv’ ')7

where

ki(t) = /O (t —s)* u(s)ds and ko(t) = /0 (t — s)P~tu(s)ds.

Also, we define

Hy(u,0)(t) = fi(-,+u) and Ho(u,v)(t) = fol-, -, 0).
Now problem is equivalent to

(35)

It is easy to see that
S(:Emyo) = S(x0,40) = Fix T,
where T'(u,v) = (T1(u,v), Ta(u,v)) for (z,y) € C(J,R) x C(J,R) and

)
{Tl(u ,U) = 1( ,U)+I?1(U,U)a
Tr(u,v) = Ga(u,v) + Ha(u,v).

Clearly, T is uniformly bounded, and as we did above, we can prove that
T(u,v): C(J,R) x C(J,R) = C(J,R) x C(J,R) is completely continuous.
Now consider a perturbation of the identity map, namely
F(u,v) = (u,v) — T(u,v).
We then have
(I — H) 'F(u,v) = (u,v) — (I — H)7*G(u,v).

As in Steps 24 in the proof of Theorem |5 we can prove that é(u, v) is
completely continuous, and since I — H is continuous, (I — H)"'G(u,v) is a
completely continuous map and (I — H )~ lp (u,v) is a proper map. From the
compactness of (I —H)~'G, it is easy to show that all conditions of Theorem
@are satisfied, and so (I — H)~'F)~1(0) is an R set. Since (I —H)™ # 0,
the solution set Fiz T = S(z0,10) = F~1(0) is an Rs set. This proves the
theorem. O

To illustrate our results in Sections 5 and 6, we again consider the problem

Dia(t) = GFa(t) + () + & (Dia®), te0,1)

10
36) 4 D) = Gra) + Gy + H(Diy(r),
z(0) =5, 2'(0)=0,
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As before, a = 3 = B8, Li[z] = La[y] = 3, La[z] = Lsfy] = 0. Also, (Cy) is
satisfied with

dq

90y 45ym 1 4n/m 457 1

- - = dy = - .
640 * 1T a0 " T 100 T 620 0T 620 0 "™ T 5
The matrices become
88 44 1
88 44 /L0 [0 0
no () g (B0) s (00
640 640 5

The eigenvalues of N+ 9+ are 0.324 and 0.183, so by Theorem [5| problem

(1]

2]

3l

(4]

5]

[6]

7]

(8]

9

6] has a least one solution. By Theorems [§| and @ the set of solutions to

(36

0 is a compact Rg-set.
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